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^ ■ 1 Introduction 

When we are interesting in solving Maxwell's equations in presence of charges, with given 
initial conditions for the electric field E and the magnetic field B, we can work with the gauge 
field instead of the electric and magnetic fields. 

We thus have to choose a gauge. We will see that the Lorentz gauge is a good gauge for such 
initial value problems because Maxwell's equations for reduce to a set of uncoupled scalar 
wave equations that we can integrate using the Green's method, and with restrictions on the 
possible initial conditions for A^. But we will also see that we have a freedom in the choice of 
these initial conditions, and that we can always choose them such that the influences of the 
^ . charges and of the initial excitation of the field are explicitly separated into the scalar and 

the vector potential. 

2 Maxwell's equations in Lorentz Gauge 

If we call 4> the time component A° of the gauge field, the correspondence relations between 
the electric field E, the magnetic field B and the potentials A and 4> are 

d - - 
E = --A - V</> 

at (1) 

B = V x A 

Maxwell's equations for the gauge field A 11 read 

d^A u = r + d v d^ (2) 

To work in Lorentz gauge, we have to impose the following gauge fixing condition 

= (3) 
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In this gauge, Maxwell's equations reduce to 



8^A U = J v (4) 

or explicitly, 

OA = J 

(5) 

U<i> = p 

where J is the current vector and p the charge density. We see in (B), that each component 
of is decoupled from the others, and obeys a scalar wave equation of the form 

A ^-^^ = -47r/(f,t) (6) 

3 Method of the Green's function 

To solve wave equations of the form (||) , with given initial conditions 



ip {r) 



Ot 

we can use the Green's formula, which reads 



and ip {r) = ip(f, t = 0) 

t=o 



4 ^(r, t) = \ [ drl <G | to=0 ^ ~ J-G | to=0 i/> ) + ^ f dt [ . dr 3 JG (7) 

where 

G(f,t\f ,t ) = -s(--t + t^ (8) 

with R = \r — f* \. The expression of ip is thus composed of two terms, namely the initial 
conditions term and the source term. 

4 Constraints on initial conditions 

Are the equations @ and (|j) equivalent? Of course not. In the general case, solutions of (Q) 
are not solutions of (|2|) and actually not all possible initial conditions for <fi and A are allowed. 
Indeed, for the solutions of the reduced equation (||) to be solutions of the general Maxwell's 
equation (|2|), we have to choose initial A^ satisfying d^A^ = 0, and to ensure that this gauge 
fixing condition is conserved in time when integrating @. 

4.1 Stability of the gauge fixing condition 

Let's look at the evolution equation for A = d^A^. If we apply d v to (Q), we get 

d v d^A v = d v r 

The RHS term vanishes because of charge conservation, and, because derivative operators 
commute, we obtain 

d^d v A v = 
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The function A thus obeys the equation 

□A = 



We can solve this equation with the method of Green's function, for example, and we see that 
if at t = we take the following initial conditions 

A(r, 0) = 
A(f, 0) = 

then A remain zero for all time. 
4.2 The constraints 

We thus have two constraints on the allowed initial conditions for <p an d A. The first is 
obviously that our initial fields must satisfy the gauge fixing condition which is explicitly 

A = + VA = 

and the second is in fact nothing but Gauss' law. Indeed, A is just 

A = <f> + VA 

If we replace (f>, using (||), we obtain 

A = A(f) + VA + p 
= V (V(f> + Aj + p 

If we remember the correspondence relations (jl|), the initial condition A = reads 

VE = p 

which is indeed Gauss' law. 

5 Convenient choice of the initial conditions 

Suppose we have a physical initial situation, i.e. we have initial conditions for both electric 
and magnetic fields, which we call E Q and B Q and which satisfy both Gauss' law and V-B = 0. 
We then have to choose initial conditions for and A which provide the initial conditions E Q 
and B Q through the relations ([l]), and which satisfy the gauge fixing condition. We have a 
freedom for our choice, and we will see that we can do it in a convenient way. 

Indeed, because the gauge fixing constraint is only a restriction on (j> and A and not on <j) 
and A, we can choose our initial scalar potential 

0o = O 
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and provide the whole initial excitation of E from A alone, by setting 

A = -E 

Now, we have to choose an initial A Q such that B Q = V x A Q . Once we have chosen this A Q , 
then <j) is fixed by the gauge fixing condition via 

<p = -VA 

But we have a freedom in the choice of A Q and, as we will see, we can take it such that its 
divergence vanishes[|, VA Q = 0, and thus 4> Q = 0. 

For this, suppose we have A Q such that B Q = V x A Q . We see that we can add the gradient 
of a function, namely V/, to A a without changing the magnetic field. For this new vector 
potential A + V/, we have the new initial <p Q 

<j) = -VA - A/ 

If we want <fi to be zero, / just has to satisfy 

Af = -VA 

and this equation has only one solution^, given by inversing the Laplacian operator, namely 

-1 f , 3 -VA„fe) 
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We thus saw that given initial physical E a and B , we can choose the following initial 
conditions for the gauge field 

f o (r)=O 

A Q {r) such that B = V x A Q and V ' A Q = v ; 

k A (f) = -E 

6 Final expressions 

With the initial conditions previously found, we are now able to express the solutions of the 
Maxwell's equations via the Green's formula. For the vector potential, the source term is the 
current J and the expression is 

W(r, t) = ^J drl (g \ to =o K + J-G \ to=0 a)j + j dt a J dr 3 D G J (10) 

which doesn't depend on the charge distribution. For the scalar potential, the source term is 
the current p and its expression is 

47r0(F,t) = j dt a J drl G p (11) 

which depends only on the charge distribution. 

1 actually, this corresponds to taking the longitudinal part of A equal to zero. 

2 if the field A vanishes at infinity 
3 statisfying Gauss' law and the divergence laws 
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7 Conclusion 



The Lorentz gauge is convenient for treating initial conditions problems, because in this gauge, 
Maxwell's equations become wave equations, which we can solve using the method of Green's 
function. 

In the last section we saw, that given initial physical E and B, we can choose convenient 
initial conditions (||) for the gauge field, and with this choice, the contributions of the charges 
and the initial excitation of E and B are well separated because 

• the solution for the scalar potential cf>, is totally independent of the initial excitations 
of E and B, and depends only on the charge distribution p. 

• the solution for the vector potential A depends on the current distribution J, and on 
the initial excitation of the electromagnetic field, and not on the charge distribution. 

Moreover, if we only consider fixed charge distributions, then the scalar potential <fi depends 
only on the charges, and the vector potential A depends only on the initial excitation. 



4 statisfying Gauss' law and the divergence laws 
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